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Outline

» weighted logic over arbitrary semirings:
characterization of recognizable series

» many-valued logics:
general-purpose extension of classical logic

» Lukasiewicz logic B

special fragment MSO®) for words
» MV-algebras — truth domains for Lukasiewicz logic
» MV-semirings derived from MV-algebras

> weighted logics over MV-semiring ~ MSO®tW

> formal series definable in MSO®EW) iff
recognizable over MV-semiring



tukasiewicz Logic — Syntax

(monadic second order)

set W of truth values (often [0,1] C R)

truth constants syntactic representatives for elements of W
connectives —, &, V (strong), Vv, A (weak)
quantifiers Vv, 3 (V,,3,)

signature X of relation symbols with arities
variables X = Xy U X, (first- and second-order)

atoms  p(x1,...,Xn), n-arypex,x e Xy
X(X), X eXo, xeXy
formulas ¢ i=c| P |~ | p*x1 | Qxp
where ¢ € W, P is an atom, ¢, v are formulas,
x € {&,V,V,A}, Qe {V,3,V,, I }and x e X



Many valued logic — semantics of atoms
set W of truth values

W-relation R: S" — W, n-ary onset S

W-x-structure S = (S, [-]5) with
» domain S # ()
» forevery n-arype X
a W-relation [p]g : " — W
X-S-assignment o : Xy — S,
o:Xp — (S — W) (unary W-relation)
W-%-interpretation (S, o) with W-X-structure S and
X-S-assignment o

truth value of atomic formulas in (S, o):

Gt X)) = [Pls (0(X1),. ..o (xn)

X(M)sp = o(X)(o(x))



kukasiewicz logic MSO®“")(A, X) on words

Logic MSO®W) (A, X)) parameterized by
alphabet A, set W of truth values, set X of variables

fixed set of relation symbols: binary <, unary {P5 | a € A}

every word w € A* defines
positions pos(w) = {0, ..., |w|} between letters in w
word structure w = (pos(w),[],,) where

(<l (1) = {1 )

0 otherwise

1 iffi>0andw; = a
0 otherwise

[Paly, (1) = {



Semantics of atoms in MSO®“")(A, X)

interpretation (w, o) with

assignment o : Xy — pos(w) and
0 : Xg — (pos(w) — {0, 1})

truth value of atomic formulas in (w, o):

1 iff o(x) < o(y)
X < =
[x < Yl(w,o) {0 otherwise

1 iffo(x)>0and w,, =a
[Pa()](w.0) {0 otherwise

X))oy = o(X)(0(x) € {0,1}

all atoms are crisp (take only truth values in {0,1})



MV-algebras

(W,s,®,-,0w,1w) where
» (W,®,0W) is a commutative monoid,
» forallxe W:xo1, =1y,
» -0y =1w and =1,y = O,
» forallx,ye W:—(—-x@-y)=xRYy,
» forallx,ye W:x@ (—-xoy)=y o (-y ®X)
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MV-algebras

(W,s,®,-,0w,1w) where
» (W,®,0W) is a commutative monoid,
» forallxe W:xo1, =1y,
» -0y =1w and =1,y = O,
» forallx,ye W:—(—-x@-y)=xRYy,
» forallx,ye W:x@ (—-xoy)=y o (-y ®X)
ordering on W x<y iff Xxoy=1
lattice operations on (W, <, 0, 1) satisfy
XVy = X&(-xQy)
XNy = XQ((-x®Yy)
distributivity: x®@(yvz) = (x®y)V(x® 2)
Xeo(YANzZ) = Xey)A(x®2)
VX : =—x = X, in general ®, ® not idempotent



Examples

for a, b € R where a < b, the structure ([a, b], ®, ®, -, a, b)
where for all x, y € [a, b]

~X=a+b-x
xey=min{bx+y—a} x®y=max{ax+y—>b}

max(0,x+y-1) ——

standard MV-algebra [0, 1]t = ([0, 1], @, ®, -, 0, 1)

isomorphism f : [0,1] — [a, b] where f(x) = a+ x(b— a)



More examples

[07 1]L = ([Oa 1]7 D, ®, _‘,O, 1) where

—|X:1 — X
xey=mn{l,x+y} x®y=max{0,x+y—1}

» sub-MV-algebra ([0,1] N Q,®,®,—,0,1)

> finite MV-algebra ({4 | i € {0,...,n}},®,®,-,0,1) for
ne N\ {0}

» finite MV-algebra ({0,...,n},®,®,-,0,n) forne N\ {0}

» boolean algebra ({0, 1}, max, min,—,0,1)



More examples

0,11t = ([0, 1], @, ®, -,0,1) where

X=1-x
x@®y=min{1,x+y} x®@y=max{0,x+y—1}

» sub-MV-algebra ([0,1] N Q,®,®,—,0,1)

> finite MV-algebra ({4 | i € {0,...,n}},®,®,-,0,1) for
ne N\ {0}

» finite MV-algebra ({0,...,n},®,®,-,0,n) forne N\ {0}

» boolean algebra ({0, 1}, max, min,—,0,1)

Theorem (Chang 1958)
An equation holds in every MV-algebra iff it holds in [0, 1]£.



tukasiewicz logic — semantics of formulas

truth domain = MV-algebra W = (W, &, ®, =, 0w, 1w)

truth value of non-atomic formulas in (S, o):

[[WP]](S,U) =" [[%0]](5,0)

[eVelise) = [elise) @ [Wise [e&V]isqy =
leVlise =lelise) vV [¥lise [eNPlisq) =

[[waﬂ(s,g) = \/ [[90]](s,o[xHi]) [[VXSO]](S,U) =

iel

[Bex¢ls 0y = D [e) s 0 [Vexels,oy =

iel

[€](s,0) @ [¥](5,0)
[€](s,0) A [W](s,0)
A e s 01

iel

® l¢] (S,o[x—1])

i€l

for finite SU WS, I = Sfor x € Xy and | = WS for x € X5



Semantics of sentences in MSO“") (A, X)

truth domain = MV-algebra W = (W, @, ®, =, 0w, 1w)

semantics of formulas ¢ € Mso® ")(A X)
according to truth functions

Vi max &+— ® 3— max VLH®

every sentence ¢ € MSO(L’W)(A, X) defines mapping

s, A" — W where s,(w)=[y],



MV-semirings

MV-algebra W = (W, @, ®, =, 0w, 1) with lattice operations
XVYy=X&(-XQY),XNYy =X (~XxDy)

[B. Gerla: Automata over MV-Algebras, ISMVL04]
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MV-semirings

MV-algebra W = (W, @, ®, =, 0w, 1) with lattice operations
XVYy=X&(-XQY),XNYy =X (~XxDy)

[B. Gerla: Automata over MV-Algebras, ISMVL04]
Wy = (W, Vv,®,0p, 1) is a semiring

Wa = (W, A @, 1w,0p) is a semiring

- is isomorphism between Wy, and W,

both semirings are commutative and idempotent
([0,1],V,®,—,0,1) is locally finite.

for W = [0, 1]: fuzzy semiring ([0, 1],V,A,0,1)



Examples

» for a, b € R where a < b, the structure ([a, b], V, ®, a, b)
where for all x, y € [a, b]

xVy=max{x,y} x®y=max{ax+y— b}

» ([0,1],max,®,0,1)

» ([0,1] N Q,max,®,0,1)

» finite MV-semiring ({% | i € {0,...,n}} ,max,®,0,1)
» finite MV-semiring ({0, ..., n}, max, ®, 0, n)

» boolean MV-semiring ({0, 1}, max, min, 0, 1)

» every boolean algebra
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» truth constants for every c € W,
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Modified tukasiewicz logic MSO®W)(A, X)

fixed set of connectives:
» truth constants for every c € W,
» connectives V, &,
» — only applied to atoms,
» quantifiers 3,V,.
defined predicates:

first(x) = Yy(x <y),
last(x) = V.y(y <x)
S(x.y) = (x<y)&=(y <x)&vez((z<x)V(y <2))

interpretation of formulas from MSO®E") (A, X) use
only truth functions Vv (for v and 3) and ® (for & and V,)

for p € MSOEW)(A X), s,, is a formal series



Weighted automata over MV-semirings

MV-semiring W = (W, max, ®,0w, 1w)
W-automaton A = (Q, a, d, 5) where
» Q={1,...,]Q|} finite set of states
» o, 3 : Q— W initial and final vector
> §: At — (@ — W) transition morphism
uniquely defined by restriction 6 : A — (@ — W)

behavior of A: formal series || Al : A* — W where

| Al[(w) = max (a(Po) @ 6(W)(Po; Piw|) @ B(Pw|))

Po,Pjw| €

= max [ a(p)® [ ~max Q) 5(w) (piz1,p) | © B(Pw)
Po.pjw €Q (Pos---Pyw)) {1, \wl}
cqQlwl+1
formal series S : A* — W is recognizable iff there is an
automaton A such that ||A|| = S



Weighted logic over MV-semirings

[Droste/Gastin: Weighted automata and weighted logics,
ICALP’05]

MV-semiring (W, max, @, 0w, 1)

syntax of MSO(W, A):
atoms x <y, Ps(x),x € X, where x,y € X4, a€ Aand
X eXo

formulas o :=c| P| =P |p*x¢ | Qxp
where ¢c € W, P atom, ¢, v formulas, x € {V, A},
Qe {V,3}and x e X

similar to MSO W)(A, X)



Weighted logic — semantics of atoms

for every pair (w, o) where w € A* and ¢ : X — 2Ps(%):
semantic of truth values, atoms and negated atoms:

MSO(W, A) MSOEW (A, x)
[e] (w.0) = o = [l
[x <yl (w.0) = {:) gft:;xaifea(y ) = [% < Vlwo)
[Pa(x)] (w.0) = {; novo > 0aANn =8 el
[l (w,0) = {; AN O



Weighted logic — semantics of formulas

for every pair (w, o) where w € A* and ¢ : X — 2Pos("):
MV-semiring (W, max, ®,0w, 1w)

semantic of non-atomic formulas

MSO(W, A) Mso®E W) (A, x)
[eve](w,o) = max{[¢] (w,0),[¥] (w,0)} =[eV Y]
[end](w,o) = [l (w,o) @ [¢] (w,0) = [p&¥]qn

[Bxe] (w,0) = maxie [¢] (W,o[x —1]) = [3x¢] (w0
[Vxo] (W, 0) = Rierle] (W,olx = 1) = [Vexe] (w0

where | = pos(w) for x € Xy and [ = 2P%(") for x € X,

Translation ¢ from MSO(W, A) to MSOEW) (A, X):

A= & ViV,



Connection between MSO(W, A) and MSO®")(A, X)

for sentence ¢ € MSO(W, A): [¢] : A — W

p e MSOEMAX): s, A — W

Proposition
For every sentence p € MSO(W, A): [¢] = Sy,



Connection between MSO(W, A) and MSO®")(A, X)

for sentence ¢ € MSO(W, A): [¢] : A — W

p e MSOEMAX): s, A — W

Proposition
For every sentence p € MSO(W, A): [¢] = Sy,

formal series S : A* — W is definable in
MSO(W, A) iff there is a ¢ € MSO(W, A)
such that [¢] = S.

MSOEW) (A, X)  iff there is a » € MSOEW) (W, 4)
such that s, = S.

Proposition
A formal series S : A* — W is definable in MSO(W, A) iff
S is definable in MSOEW) (A X).



Recognizability vs. MSO®™)(A, X)-definability

Theorem (Droste/Gastin 2005)

Let K be a locally finite semiring and A an alphabet.
Then a series S : A* — K is recognizable iff
S is MSO(W, A)-definable.

MV-semiring W = (W, max, ®, 0w, 1) is
commutative, locally finite

series S is MSO(W, A)-definable iff

S is MSOEW) (A, X)-definable

Corollary
For any MV-semiring W and alphabet A, a series S : A* — K
is recognizable iff S is MSO&W)(A, X)-definable.



MSO®)(A, X)-formula for W-automaton
W-automaton A = (Q, a, 9, 5)
oa=3X1...3Xq (¥p & Pa & s & Pp) where

= Y X & & X
¥p X\/ ( p(X) aeniph q(X)>

peQ

o = VX (ﬁfirst(x)\/ \ (Xp(x)&a(p)))

pPeEQ

-S(x,y)V
s = vtxvty( V (Xp(X)&Xq(y)&Pa(y)&é(a)(p,q)))

p#qeQ
acA

peQ

s = VX (ﬂlast(x) v/ (Xp(X)&ﬁ(P)))



Decidability results

Theorem (Droste/Gastin 2005)

For a locally finite commutative semiring IK and an alphabet A,
it is decidable

1. for ¢, € MSO(K, A), whether [¢] = [¢]
2. forp € MSO(K, A), whether 0 € [¢] (A*)

Corollary
For an MV-semiring W and an alphabet A, it is decidable

1. forp, 4 € MSO(EW)(A,X), whether s, = s,
2. for p € MSOEW)(A X), whether 0 € s, (A*)
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Summary

logic tukasiewicz weighted

appeared 1920 2005

purpose express_lve extgnsmn characterizat.ion
of classical logic of formal series

MV-algebras,

truth domain L L
locally finite semirings

semirings
lattice operations V,A, V,A semiring

connectives . )
new connectives &, V. operations

results on recognizability and decidability for locally finite
commutative semirings and weigted logic

applied to MV-semirings and MSO®&W) (A X)
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